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FST and “island” models
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Illustration (not real data)



Allele frequencies in human populations
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Median differentiation SNP (rs1528341)



Island model (A) versus arbitrary structure (B)
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Our contribution

A) Islands B) Admixture
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Previous FST definitions/estimators assume subdivided, independent populations.

We generalize FST for arbitrary populations, in terms of individuals.

We characterize the bias of popular estimators, through theory and simulations.



FST for arbitrary population structures

We propose

FST =
n∑

j=1

wj f
T
Lj
,

where
I f TLj = inbreeding coefficient of Lj relative to T

I wj ≥ 0,
∑n

j=1 wj = 1 are weights

Backward compatible with island models.
Coherent with Wright’s 1951 definition.



FST estimation under the island model

Weir-Cockerham and Hudson FST

estimators using perfect AFs (πij) reduce
to

p̂i =
1
n

n∑
j=1

πij ,

s2
i =

1
n − 1

n∑
j=1

(πij − p̂i)
2,

F̂ island
ST =

∑m
i=1 s

2
i∑m

i=1 p̂i(1− p̂i) + 1
n
s2
i

a.s.−−−→
m→∞

FST.

Under the island model, FST can be
solved for:

E

[
1
m

m∑
i=1

s2
i

]
= p(1− p)FST,
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(
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n
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FST estimation under arbitrary coancestry

Weir-Cockerham and Hudson FST

estimators using perfect AFs (πij) reduce
to

p̂i =
1
n

n∑
j=1

πij ,

s2
i =

1
n − 1

n∑
j=1

(πij − p̂i)
2,

F̂ island
ST =

∑m
i=1 s

2
i∑m

i=1 p̂i(1− p̂i) + 1
n
s2
i

a.s.−−−→
m→∞

n
(
FST − θ̄

)
n − 1 + FST − nθ̄

Under the general coancestry model,
system is underdetermined:

E

[
1
m

m∑
i=1

s2
i

]
= p(1− p)

n(FST − θ̄)

n − 1
,

E

[
1
m

m∑
i=1

p̂i(1− p̂i)

]
= p(1− p)(1− θ̄).

θ̄ = mean coancestry.
In islands, θ̄ = 1

n
FST.



Bias estimating coancestry coefficients

A popular coancestry estimator (“old”) is very distorted. We have a “new”
estimator that is biased but not distorted. Illustrated in our admixture simulation:

A) True coancestry matrix B) Old estimator C) New estimator
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Bias estimating the generalized FST
The popular Weir-Cockerham (WC) and Hudson FST estimators, formulated for
islands, are biased in our admixture simulation:
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Population-level and Individual-level distances in 1000 Genomes
A) Distant populations
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D) Pairwise comparisons
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We have...

...generalized FST using parameters for individuals.

...connected FST, kinship coefficients, and admixture models.

...found that common estimators are biased.

...used an admixture simulation and human data to illustrate biases.

Our models could lead to more robust estimators.
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